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In particular, we prove regularizing and ultraboundedness properties 
of the transition semigroup as well as that the corresponding Kol- 
mogorov operator has at most one infinitesimally invariant measure 
fi (satisfying some mild integrability conditions). Finally, we prove 
existence of such a measure \i for non-continuous drifts. 

2000 Mathematics Subject Classification AMS: 60H15, 35R15, 35J15, 
Key words: Stochastic differential equations, Harnack inequality, monotone 
coefficients, Yosida approximation, Kolmogorov operators. 



1 Introduction, framework and main results 

In this paper we continue our study of stochastic equations in Hilbert spaces 
with singular drift through its associated Kolmogorov equations started in [7J . 
The main aim is to prove a Harnack inequality for its transition semigroup 
in the sense of [18] (see also [H [TBI US] for further development) and exploit 
its consequences. See also [H] for an improvement of the main results in 
[T6] concerning generalized Mehler semigroups. To describe our results more 
precisely, let us first recall the framework from [7J. 
Consider the stochastic equation 



Here if is a real separable Hilbert space with inner product (•, •) and norm 
| • |, W = W(t), t > 0, is a cylindrical Brownian motion on H defined on 
a stochastic basis (Q, JP, (^t)t>o, P) and the coefficients satisfy the following 
hypotheses: 

(HI) (A,D(A)) is the generator of a Co-semigroup, T t = e tA , t > 0, on H 
and for some w G t 



(H2) a G L(H) (the space of all bounded linear operators on H) such that 
a is positive definite, self-adjoint and 



dX(t) = (AX(t) + F(X(t)))dt + adW{t) 



(1.1) 




(Ax,x) <u\x\ 2 , V x E D(A). 



(1.2) 
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POO 

(i) / (1 + t~ a )\\T t a\\ 2 HS dt < oo for some a > 0, where || • \\ H s denotes the 
Jo 

norm on the space of all Hilbert-Schmidt operators on H. 

(ii) a- 1 G L{H). 

(H3) F : D(F) C H — > 2 H is an m-dissipative map, i.e., 

(u - v, x - y) < 0, V x,y e D(F), u e F(x), v e F(y), 
( "dissipativity" ) and 

Range (/ — F) := (J (x - = H. 

x£D{F) 

Furthermore, F (x) G F(x), x G D(F), is such that 

|F (x)| = min \y\. 

Here we recall that for F as in (H3) we have that F(x) is closed, non 
empty and convex. 

The corresponding Kolmogorov operator is then given as follows: Let 
Sa{H) denote the linear span of all real parts of functions of the form (f = 
e l( ~ h ''\ h G D(A*), where A* denotes the adjoint operator of A, and define for 
any x G D(F), 

L cp{x) = ~ Tr (a 2 D 2 ip(x)) + (x,A*D<p(x)) + (F (x),D<p(x)), if G S A {H). 

(1.3) 

Additionally, we assume: 

(H4) There exists a probability measure \i on H (equipped with its Borel 
ex-algebra 38(H)) such that 

(i) pi(D(F)) = 1, 

(ii) f (l + |x| 2 )(l + |F (a;)|)/i(rfx)<oo, 

JH 

(iii) / L <fdfi = for all ip G $a{H). 
Jh 
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Remark 1.1 (i) A measure for which the last equality in (H4) (makes sense 
and) holds is called infinitesimally invariant for (L , $a(H )). 

(ii) Since u in fll.2p is an arbitrary real number we can relax (H3) by allowing 
that for some c G (0, oo) 

(u — v, x — y) < c\x — y\ 2 , Vi,|/6 D(F), u G F(x), v G F(y). 

We simply replace F by F — c and A by A + c to reduce this case to (H3). 

(iii) At this point we would like to stress that under the above assumptions 
(H1)-(H4) (and (H5) below) because Fq is merely measurable and a is not 
Hilbert-Schmidt, it is unknown whether (11.11) has a strong solution. 

(iv) Similarly as in [7j (see [3, Remark 4.4] in particular) we expect that 
(H2)(ii) can be relaxed to the condition that a = (— A)^ 1 for some 7 G 
[0, 1/2]. However, some of the approximation arguments below become more 
involved. So, for simplicity we assume (H2)(ii). 

The following are the main results of [7j which we shall use below. 

Theorem 1.2 (cf. [6, Theorem 2.3 and Corollary 2.5]) Assume (HI), 
(H2)(i), (H3) and (HA). Then for any measure \i as in (HA) the op- 
erator (Lq, S'a(H)) is dissipative on L X (H, //), hence closable. Its closure 
(L M ,D(L At )) generates a Co-semigroup Pf 1 , t > 0, on L l (H,fi) which is 
Markovian, i.e., Pfl = 1 and Pff > for all nonnegative f G ^(H,^) 
and all t > 0. Furthermore, \i is P^ -invariant, i.e., 



Below Bb(H), Cb(H) denote the bounded Borel- measurable, continuous func- 
tions respectively from H into ffi. and || • || denotes the usual norm on L(H). 

Theorem 1.3 (cf. [6, Proposition 5.7]) Assume (Hl)-(HA) hold. Then 
for any measure \i as in (HA) and Hq := supp \x (:=largest closed set of H 
whose complement is a fi-zero set) there exists a semigroup Pt(x, dy), x G H , 
t > 0, of kernels such thatpff is a \i-version ofPff for all f G B b (H), t > 0, 
where as usual 
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Furthermore, for all f G B^H), t > 0, x,y G H 

\p?m -rf/(v)l < ll/lloll^lllx-i/l (1.4) 

y/t A 1 

and for all f G Lipb(H) (:= all bounded Lipschitz functions on H) 

\rff(x)-rff(y)\ < eM'll/H^lx-j/l, V t > 0, x, y G H , (1.5) 

and 

tonrff(x) = f(x), VxeH . (1.6) 

(Here \\f\\o, \\f\\Li P denote the supremum, Lipschitz norm of f respectively.) 
Finally, \i is p^ -invariant. 

Remark 1.4 (i) Both results above have been proved in [7j on L 2 (H,/j,) 
rather than on L 1 (if, /i), but the proofs for L 1 (if, /i) are entirely analogous. 

(ii) In [7] we assume u in (HI) to be negative, getting a stronger estimate 
than (O) (cf. pj (5.11)]). But the same proof as in [7] leads to ([13]) for 
arbitrary u G K (cf. the proof of [7J, Proposition 4.3] for t G [0, 1]). Then by 
virtue of the semigroup property and since p% is Markov we get (11.41) for all 
t > 0. 

(hi) Theorem 11.31 holds in more general situations since (H2) (ii) can be 
relaxed (cf. [7J Remark 4.4] and [SI Proposition 8.3.3]). 

(iv) (11.41) above implies that p%, t > 0, is strongly Feller, i.e., p^(Bb(H)) C 
C(Hq) (=all continuous functions on H ). We shall prove below that under 
the additional condition (H5) we even have p^(L p (H,fi)) C C(H ) for all 
p > 1 and that \x in (H4) is unique. However, so far we have not been able 
to prove that for this unique /i we have supp fi = H, though we conjecture 
that this is true. □ 

For the results on Harnack inequalities, in this paper we need one more 
condition. 

(H5) (i) (1 + uj — A, D (A)) satisfies the weak sector condition (cf. e.g. [12]), i.e., 
there exists a constant K > such that 

((l+cu-A)x,y) < K((l+u-A)x,x) 1/2 ((l+uj-A)y,y) 1/2 , Vx,y G D(A). 

(1.7) 
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(ii) There exists a sequence of A-invariant finite dimensional subspaces 
H n C D(A) such that IJ^Li H-n is dense in H. 

We note that if A is self-adjoint, then (H2) implies that A has a discrete 
spectrum which in turn implies that (H5)(ii) holds. 

Remark 1.5 Let (A,D(A)) satisfy (HI). Then the following is well known: 

(i) (H5) (i) is equivalent to the fact that the semigroup generated by (1 + 
uj — A, D(A)) on the complexification He of if is a holomorphic contraction 
semigroup on Hq (cf. e.g. p21 Chapter I, Corollary 2.21]). 

(ii) (H5) (i) is equivalent to (1 + cu — A, D(A)) being variational. Indeed, 
let (£, D(£)) be the coercive closed form generated by (1 + uo — A,D(A)) 
(cf. [T2l Chapter I, Section 2]) and ($,D(£)) be its symmetric part. Then 
define 

V := D($) with inner product $ and V* to be its dual. (1-8) 

Then 

VcHcV* (1.9) 

and 1 + uj — A : D(A) — > H has a natural unique continuous extension from 
V to V* satisfying all the required properties (cf. [121 Chapter I, Section 2, 
in particular Remark 2.5]). 

Now we can formulate the main result of this paper, namely the Harnack 
inequality for p^ 1 , t > 0. 

Theorem 1.6 Suppose {HI) — (H5) hold and let \i be any measure as in 
(H4) and Pt(x,dy) as in Theorem \1.3\ above. Let p 6 (1, oo). Then for all 
f e B b (H), f > 0, 



(p?f(x)Y < tfpti) exp 



i -HI2 puj\x-y\ 



(p-l)(l-e- 



t > 0, x,y E H . 

(1.10) 



As consequences in the situation of Theorem 11.61 (i.e. assuming (H1)-(H5)) 
we obtain: 

Corollary 1.7 For all t > and p E (1, oo) 

rf(If(H,n))cC(H ). 
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Corollary 1.8 \i in (H4) is unique. 

Because of this result below we write pt(x, dy) instead of p^(x, dy). 
Finally, we have 

Corollary 1.9 (i) For every x G H , p t (x,dy) has a density p t (x,y) with 
respect to \i and 

p/ip ~ 1) < xeH , pe (l, oo). 



iM*,-)ir p - ij < 



J H exp _|| ff -i||2 H*_yP ^dy) 



(1.11) 

(ii) 7/yu(e A ' ' 2 ) < oo for some A > 2(ou A 0) 2 ||cr _1 || 2 , then p t is hyperbounded, 
i-e- \\pt\\L2(H,iM)^L*(H,iJ,) < oo for some t > 0. 

Corollary 1.10 For simplicity, let a = I and instead of (HI) assume that 
more strongly (A,D(A)) is self-adjoint satisfying (11.21) . We furthermore as- 
sume that \F \ G L 2 (H,fi). 

(i) There exists M G 38(H Q ), M C D(F), n(M) = 1 such that for every 
x G M equation (II. ip has a pointwise unique continuous strong solution (in 
the mild sense see (14.111) below), such that X(t) G M for all t > F-a.s.. 

(ii) Suppose there exists $ G C([0, oo)) positive and strictly increasing such 
that lim^oo s _1 $(,s) = oo and 

tf(s) := / — r < oo, Vs>0. (1.12) 
Js $(r) 

If there exists a constant c > such that 

(F (x) - F (y),x - y) < c - $(|x - y| 2 ), V x, y G D(F), (1.13) 
then p t is ultrabounded with 

A(l + ^- 1 (V4))- 



\\Pt\\L 2 {H,fj,)^L^{H,fj,) < exp 

holding for some constant A > 0. 



>\ - e -urt/2)2 



t > 0, 



Remark 1.11 We emphasize that since the nonlinear part Fq of our Kol- 
mogorov operator is in general not continuous, it was quite surprising for us 
that in this infinite dimensional case nevertheless the generated semigroup 
P t maps L 1 - functions to continuous ones as stated in Corollary 11.71 
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The proof that Corollary 11.91 follows from Theorem 11.61 is completely 
standard. So, we will omit the proofs and instead refer to [IB], [T5] . 

Corollary 11.71 is new and follows whenever a semigroup pt satisfies the 
Harnack inequality (see Proposition 14. II below) . 

Corollary [L8] is new. Since ( ll.lOp implies irreducibility of and Corollary 
11.71 implies that it is strongly Feller, a well known theorem due to Doob 
immediately implies that /x is the unique invariant measure for p 1 ^, t > 0. , 
however, depends on fi, so Corollary 11.81 is a stronger statement. Corollary 
11.101 is also new. 

Theorem 11.61 as well as Corollaries 11.71 11.81 and 11.101 will be proved in 
Section 4. In Section 3 we first prove Theorem 11.61 in case F is Lipschitz, 
and in Section 2 we prepare the tools that allow us to reduce the general case 
to the Lipschitz case. In Section 5 we prove two results (see Theorems 15.21 
and !5.4p on the existence of a measure satisfying (H4) under some additional 
conditions and present an application to an example where Fq is not contin- 
uous. For a discussion of a number of other explicit examples satisfying our 
conditions see [7J Section 9]. 



2 Reduction to regular F[ 



o 

Let F be as in (H3). As in [7J we may consider the Yosida approximation of 
F, i.e., for any a > we set 

F a {x) := - {J a {x) -x), xe H, (2.1) 
a 

where for x G H 

J a (x) := (I-aF)- 1 (x), a > 0, 

and I(x) := x. Then each F a is single valued, dissipative and it is well known 
that 

lim Fjx) = F (x), V x E D(F), (2.2) 

\F a (x)\ < \F (x)l VxeD(F). (2.3) 

Moreover, F a is Lipschitz continuous, so F is ^(if )-measurable. Since F a 
is not different iable in general, as in [7] we introduce a further regularization 
by setting 



F <*A X ) 



[ e^ B F a {e^ B x + y)N hB . 1{e2PB _ 1) {dy), a,(3>0, (2.4) 
Jh 



where B : D(B) C H — > H is a self-adjoint, negative definite linear operator 
such that B~ x is of trace class and as usual for a trace class operator Q the 
measure Nq is just the standard centered Gaussian measure with covariance 
given by Q. 

F a fi is dissipative, of class C°°, has bounded derivatives of all the orders 
and F ai p — > F a pointwise as j3 — > 0. 
Furthermore, for a > 

c a := sup | : x G H, (3 G (0, 1] j < oo. (2.5) 

We refer to [TU1 Theorem 9.19] for details. 

Now we consider the following regularized stochastic equation 



dX aJ3 (t) = {AX atP {t) + F a ,p{X aiP {t)))dt + acZW(t) 
X^(0) =xeH. 



(2.6) 



It is well known that (12.61) has a unique mild solution X Q/3 (t,x), t > 0. Its 
associated transition semigroup is given by 

P^f{x) = E[f(X a , p (t,x))}, t > 0, x e H, 

for any / G Bb(H). Here E denotes expectation with respect to P. 

Proposition 2.1 Assume (HI) — (H4). Then there exists a K a -set K d H 
such that n(K) = 1 and for all f G Bf ) (H), T > there exist subsequences 
(a n ), ((3 n ) — > such that for all x G K 

lim lim P^ m f(x) =p£f{x) weakly in L 2 (0,T; dt). (2.7) 



Proof. This follows immediately from the proof of [3, Proposition 5.7]. (A 
closer look at the proof even shows that (12. 7ft holds for all x G Hq = supp 

A*0 □ 

As we shall see in Section 4, the proof of Theorem 11.61 follows from Propo- 
sition [%T] if we can prove the corresponding Harnack inequality for each P t Q,/3 . 
Hence in the next section we confine ourselves to the case when F is dissi- 
pative and Lipschitz. 



3 The Lipschitz case 

In this section we assume that (H1)-(H3) and (H5) hold and that Fq in (H3) is 
in addition Lipschitz continuous. The aim of this section is to prove Theorem 
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II. 61 for such special F (see Proposition 13. II below) . We shall do this by finite 
dimensional (Galerkin) approximations, since for the approximating finite 
dimensional processes we can apply the usual coupling argument. 

We first note that since F is Lipschitz (11.11) has a unique mild solution 
X(t,x), t > 0, for every initial condition x G H (cf. [10]) and we denote the 
corresponding transition semigroup by P t , t > 0, i.e. 

P t f(x):=E[f{X(t,x))}, t>0,xeX, 

where / G B b (H). 

Now we need to consider an appropriate Galerkin approximation. To this 
end let e& G D(A), k G N, be orthonormal such that H n = linear span {ei, 
e n }, n G N. Hence {ek : k G N} is an orthonormal basis of (H, (•, •)). Let 
ii n ■ H —> H n be the orthogonal projection with respect to (if, (•, •)). So, we 
can define 

A n := 7r n A lHn (= by (H5)(ii)) (3.1) 
and, furthermore 

F n := 7i n F \ Hn , a n := vr n <T|^ n . 

Obviously, a n : if n — > H n is a self-adjoint, positive definite linear operator 
on H n . Furthermore, a n is bijective, since it is one-to-one. To see the latter, 
one simply picks an orthonormal basis {ej, e^} of H n with respect to the 
inner product (-, -) a defined by (x, y) a := (ax, y). Then if x G H n is such that 
a n x = n n ax = 0, it follows that 

(x,e?) ff = {ax,e?) = 0, Vl<?<n. 

But x = Y?h=i( x > e i)v e ii hence x — 0. 

Now fix n G N and on H n consider the stochastic equation 

dX n (t) = (A n X n (t) + F n {X n {t)))dt + a n dW n (t) 

(3.2) 

X n (0) = xeH n , 

where W n (t) = n n W(t) = Eli(e k , W(t))e k . 

(13.21) has a unique strong solution X n (t,x), t > 0, for every initial con- 
dition x G which is pathwise continuous P-a.s.. Consider the associated 
transition semigroup defined as before by 

P?f{x) = E[f(X n (t,x))}, t > 0, x G H n , (3.3) 

where / G Bf,(H n ). 

Below we shall prove the following: 
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Proposition 3.1 Assume that (HI) — (H5) hold. Then: 

(i) For all f G C b (H) and all t > 

lim P t n f(x) = P t f(x), Vx G H no , n G N. 

n— >oo 

(ii) For all nonnegative f G Bb(H) and all n G N , p G (1, oo 

-iii2 puj\x-y\ 2 



(P t n f(x)y<P?r(y)exp 



(p- 1)(1 - e- 2 ^) 



i > 0, x,y E H n . 

(3.4) 



Proof, (i): Define 



,(t- s )A 



«7dW(s), t > 0. 



Note that by (H2)(i) we have that W Aj(T (t), t > 0, is well defined and pathwise 
continuous. For x G H no , n G N fixed, let Z(t), t > 0, be the unique 
variational solution (with triple V C C V* as in Remark ll.5( ii). see e.g. 
[15]) to 



(3.5) 



dZ(t) = [AZ(t) + F (Z(t) + W A>tT (t))]dt 
Z(0) =x, 

which then automatically satisfies 

E sup \Z(t)\ 2 < +oo. 
te[o,T] 



(3.6) 



Then we have (see [TU]) that Z(t) + W Aj(T (t), t > 0, is a mild solution to (II. ip 
(with F Lipschitz), hence by uniqueness 



X(t,x) = Z(t) + W A , a (t), t>0. 

Clearly, since 

E sup \W Ay(T (t)\ 2 < +oo, 
te[o,T] 

we have 

ir n W A , a {t) -> as n -> oo in L 2 (fi, J?, P), V t > 0. 

We set X n (t) := X n (t,ar) (= solution of lCT21> ). Defining 



(3.7) 



(3i 



W^ lffn (t) 



/ e ( *- s)A "a n rfW n (t), t>0, 
•/ o 
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and 

Z n (t) := X n (t) - W Anjan {t), n E N, t > 0, 
it is enough to show that 

Z n (t)->Z(t) as n -> oo in L 2 (ft,J?,P), Vi > 0, (3.9) 

because then by (13.71) 

X n (t) -> X(t) as n -> oo in L 2 (Q, P), V t > 0, 

and the assertion follows by Lebesgue's dominated convergence theorem. To 
show ( 13. 9p we first note that by the same argument as above 

dZ n {t) = [A n Z n (t) + F n {Z n {t) + W An , an (t))]dt 

and thus (in the variational sense), since A = A n on H n by (13. 1|) 

d(Z(t) - Z n (t)) = [A(Z(t) - Z n {t)) + F (X(t)) - F n (X n (t))]dt. 

Applying Ito's formula we obtain that for some constant c > 



\ \Z(t) - Z n (t)\ 2 < J [(« + l/2)\Z(s) - Z n (s)\ 2 
+ \F (X(s)) - F (X n (s))\ 2 + |(1 - 7r n )Fo(X( S ))| 2 ]rf S 

< c f \Z(s) - Z n (s)\ 2 ds + c f \W A , a (s) - W An , an (s)\ 2 ds 
Jo Jo 



+ 



r|(l-vr n )F (X( S ))| 2 rf S . 
Jo 



Now (13. 9p follows by the linear growth of F , (13. 6ft - (13.81) and Gronwall's 
lemma, if we can show that 



I E\W Aa (s) - W An<an (s)\ 2 ds asn^oo. 
Jo 



(3.10) 



To this end we first note that a straightforward application of Duhamel's 
formula yields that 

e tA \ Hn = e tAn Vt>0. 

Therefore 

W Aa (s)-W An , an (s)= [ e^ A {a-% n ait n )dW{r), 

Jo 
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and thus 



nWAAs) - W An , an (s)\ 2 = [ S \\e^ A (a - n n an n )f HS dr 

Jo 

00 PS 

= |e rA (cr - TrnO-TT n )ei\ 2 dr. 

i=l J o 

Since for any i G N, r G [0,s], the integrands converge to 0, Lebesgue's 
dominated convergence theorem implies (I3.10|) . 

(ii) Fix T > 0, n G N and x, y G H n . Let £ T G C\[0, 00)) be defined by 



2uje wt \x — y\ 



Consider for X n (t) = x), t > 0, see the proof of (i), the stochastic 

equation 



dY n {t) 



A n Y n (t) + F n (Y n (t)) + f(t) lx„(^y„(t) 
+a n dW n (t), 



dt 



{ Y n (0) = y. 

(3.1i; 



Since 

X n (t) - z 



\X n (t) - z\ 

is dissipative on H n for all t > (cf [IS]), (13. lip has a unique strong solution 
Y n {t) = Y n (t,y), t > 0, which is pathwise continuous P-a.s. 
Define the first coupling time 

r n := inf{t > : X n {t) = Y n {t)}. (3.12) 

Writing the equation for X n (t) — Y n (t), t > 0, applying the chain rule to 
4> e {z) := y/z + e 2 , z G (— e 2 ,oo), e > 0, and letting e — * subsequently, we 
obtain 



- \X n (t) - Y n (t)\ < lu \X n (t) - Y n (t)\ - e(t)lx n[ t)^Y n{ t) t > 0, 
which yields 

d{e-^\X n {t) - Y n (t)\) < -e-^f^lx^y^dt, t > 0. (3.13) 
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In particular, t i— > e — y n (t)| is decreasing, hence X n (T) = Y n {T) 

for all T>r n . But by (1XT3]) if T < r n then 



\X n {T) -Y n {T)\e-^ <\x-y\-\x-y\ 

So, in any case 

X n (T) = Y n (T), P-a.s. 

Let 



2uoe 



-2u>t 



1 - e- 2 - T 



dt = 0. 



(3.14) 



i? := exp 



TAr n 

|x n (t)-r n (t)| 



(X n (t)-Y n (t),a- 1 dW n (t)) 



1 



^(fW) 2 ^- 1 ^)-^))! 5 



2 y \X n (t)-Y n (t)\* 
By (I3.14p and Girsanov's theorem for p > 1, 



(^/(l/))' = (E[/(y n (T))])^ = (E[i2/(X n (T))])* 

< (P"/ p (x))(E[/2 p /( p - 1 )]) p - 1 . (3.15) 



Let 



M„ = exp 



P 



TAr„ 



e(t) 



{X n (t)-Y n (t),a- l dW n {t)) 



p-Uo |x n (t)-y n (t)| 

rTAr. ( ^T (t))2 | ff - 1(Xn(t) _y B(t)) | 2 



2(p-i) 2 y 



|^n(t)-yn(t)| 2 



We have EM P = 1 and hence, 



EjR p/(p-i) = e <j M p exp 
P 



P 



2(P-1) 2 , 



rAT -(€ T (0) a k- 1 (^n(*)-i;(0)l s 



< sup exp 

o 



[2(p-iy 



rTAT n 1 

Jo 



< exp 



-1112 



|x„(t)-y„(t)p 



po;|a; — yp 



(p- 1) 2 (1 -e" 2 - T )_ 
Combining this with (13. 15ft we get the assertion (with T replacing t). □ 
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4 Proof and consequences of Theorem 11.6 



On the basis of Propositions 13.11 and 12.11 we can now easily prove Theorem 

m 

Proof of Theorem 11.61 Let / £ Lip b (H), f > 0. By Proposition I3.1l (i) it 
then follows that (13.41) holds with P t f replacing P™f provided F is Lipschitz. 
Using that [J neN H n is dense in H and that Ptf(x) is continuous on x (cf. 
|10j ) we obtain ( 13 Ah for all x,y £ H. In particular, this is true for p^ n '" n f 
from Proposition 12.11 

Now fix t > and k £ N, let 



XfcO) := - %,t+i/fc](s), s > 0. 

Using (13.41) for P" n,/3m /, ( 11.61) . Proposition 12.11 and Jensen's inequality, we 
obtain for x,y £ K 



lim — 

fc— »oo A; 



i+l/fc 



lim lim lim 

fc— >oo n— >oo m— >oo 



t+1 



X fc (s)Pf»^/(z)dz 



< lim lim lim 

fc— >oo ra— >oc m— >oo 



< lim lim lim 

fc— >oo n— »oo m— >oo 



t+1 



Xfc(s)( p r ,/3 m/P(2/)) l/p exp 



-1 1 1 2 



uj\x — y| 



t+i 



Xfc 



[s)P^f p (y)exp 



(7 



n-l||2 



(p-l)(l-e- 

pu;|x — y| 2 
(p- 1)(1 -e- 2 ^ s ) 



f/,S 



(rf/ P (y)) Vp exp 



-1||2 



u\x — y\ 



(p-l)(l-e- 



2wO 



where we note that we have to choose the sequences (a n ), (j3 n ) such that 
(12.71) holds both for / and f p instead of /. Since K is dense in H , ( 11. 101) 
follows for / £ Cb(H), for all x, y £ if 0; since p^ 1 / is continuous on H by 

(H3D- 

Let now / £ B b (H), f > 0. Let / n £ C b (H), n £ N, such that /„ -> / in 
L P (H, ji) as n — ■> oo, p £ (1, oo) fixed. Then, since is invariant for pf , t > 0, 
selecting a subsequence if necessary, it follows that there exists K\ £ &(H), 
fi(Ki) = 1, such that 



Ptfn{x) -> Pt /(x) as n -> oo, V a; £ K x . 
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Taking this limit in (11. 101) we obtain (11. 101) for all x, y G K\. Taking into 
account that is continuous and that K 1 is dense in H = supp /i, (ll.lOp 
follows for all x,y G H . □ 

Corollary 11.71 immediately follows from Theorem 11.61 and the following 
general result: 

Proposition 4.1 Let E be a topological space and P a Markov operator on 
Bb(E). Assume that for any p > 1 there exists a continuous function rj p on 
E x E such that rj p (x, x) = for all x G E and 

P\J\{x) < (P\my)) 1/P e" pix ' v) Vx,y G E, f G B h {E). (4.1) 

Then P is strong Feller, i.e. maps Bb(E) into Cb{E). Furthermore, for any 
a-finite measure \i on (E,&(E)) such that 

[ \PfW<C [ \f\dfi, VfeB b (E), (4.2) 

J E J E 

for some C > 0, P uniquely extends to L p (E,fi) with PL p (E,fi) C C(E) for 
any p > 1 . 

Proof. Since P is linear, we only need to consider / > 0. Let / G B b {E) be 
nonnegative. By (14.11) and the property of r\ p we have 

limsupP/(x) < {Pf p {y)) 1/p , p > 1. 

Letting p J, 1 we obtain \im sup x _, y Pf(x) < Pf(y). Similarly, using / 1 / p to 
replace / and replacing x with y, we obtain 

(Pf/P( y ))p < (Pf(x))e p ^ x \ Vx 7 yeE,p>l. 

First letting x — > y then p — > 1, we obtain liminf^^ Pf(x) > Pf(y). So 
Pf G Cb{E). Next, for any nonnegative / G L p (E,fi), let f n = f An, n> 1. 
By and /„ -> / in L p (£,/i) we have P|/ n - / m | p -> in L^/x) as 
n, m — > oo. In particular, there exists y & E such that 

lim P|/„-/ m | p (j/) = 0. (4.3) 

n,m— >oo 

Moreover, by (14.11) . for Sjy := {x G -E : r) p (x,y) < N} 
sup |P/ n (x) - P/ m (x)| p < sup (P\f n - / m |(x)) p < (P\f n - f m \ p (y))e pN . 
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Since by the strong Feller property Pf n G Cb(E) for any n > 1 and noting 
that Cb(Bj^) is complete under the uniform norm, we conclude from (14. 8 1) 
that Pf is continuous on Bn for any N > 1, and hence, Pf E C(H). □ 



Proof of Corollary 11.81 Let \x\,\ii be probability measures on (H, £§(H)) 
satisfying (H4). Define /i := \ /ii + | /x 2 - Then /i satisfies (H4) and /ij = 
Pi/i, i = 1, 2, for some ^(if)-measurable p« : — > [0, 2]. Let z G {1,2}. 
Since pi is bounded, by(H4) (iii) and Theorem 11.21 it follows that 

/ L^ud/j,i = 0, VwG-D(L At ). 
Jh 

/ e tL »udfn= / L^e tL ^u)dfn = 0, V«G%), 



Hence 



i.e. 



p^w d^i = I u d^ V u G S'a(H). 
h Jh 

Since $a{H) is dense in L 1 (if, /ij), /ij is (pf) -invariant. But as mentioned 
before, by Theorem 11.61 it follows that (pf) is irreducible on H (see [TT]) and 
it is strong Feller on H by Corollary 11.71 So, since Pi(H ) = 1, ^ = fi. □ 

Proof of Corollary 11.101 Let 

A:=A-wI, D(A):=D(A) 
F := F + uI. 

By (H2), A has discrete spectrum. Let G i/, — A fc G (— oo,0], be the 
corresponding orthonormal eigenvectors, eigenvalues respectively. 
For fceN define 

V9 fc (x) := (e fc ,z), x E H. 

We note that by a simple approximation (11.51) also holds for any Lipschitz 
function on H and thus (cf. the proof of [7J Proposition 5.7(iii)]) also (II. 6|) 
holds for such functions, i.e. in particular, for all k G N 

[0, oo) 9tn p t <f k (x) is continuous for all x G H . (4.4) 

Since any compactly supported smooth function on K is the Fourier trans- 
form of a Schwartz test function, by approximation it easily follows that 
setting 

&C?({e k }) ;= { g ({ eij .), ( ejv> ■)) : N EN, g E C?(R N )}, 
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we have ^C fe °°({e fc }) C D(L M ) and for <p G &C^({e k }) 

L^{x) = - Tr + {x, ADip{x)) + (F (x), Dip{x)) x e H. 

Then by approximation it is easy to show that 

tp k , <pl G £>(L M ) and L^ k = -\ k (p k + (e k , F ), 

Lr<pl = -2\ k <f? k + 2<p k (e k ,F ) + 2 VfcGN. (4.5) 

Since we assume that \F \ is in L 2 (H,fi), by [3j Theorem 1.1] we are in 
the situation of [TTj, Chapter II]. So, we conclude that by [TTJ, Chapter II, 
Theorem 1.9] there exists a normal (that is P x [X(0) = x] = 1) Markov process 
(fi, & t (&)t>o,(X(t))t>o,(p x ) x eH ) with state space H and M G 38{H ), 
/j,(M) = 1, such that X(t) G M for all t > P x -a.s. for all x G M and which 
has continuous sample paths P^-a.s for all x G M and for which by the proof 
of Proposition 8.2] and (jOj) . fT43]) we have that for all A; G N 

/3f (t) := - <p k (x) ~ I L^ k (X(s))ds, t > 0, 

Jo 

(4.6) 

Mftt) := ^(X(t)) - _ f L ^l {X (s))ds, t > 0, 

Jo 

are continuous local (^)-martingales with /3 k (0) = M k (0) = under P^ for 
all x G M. Fix x G M. Below E x denotes expectation with respect to P x . 
Since for T > 

/ / E x (l + \X(s)\ 2 )(l + \F (X(s))\)dsfx(dx) 
Jh Jo 

= T f (1 + |x| 2 )(l + |F (x)|)/i(dx) < oo, 
making M smaller if necessary, by (H4)(ii) we may assume that 

E x f{\ + \X{s)\ 2 ){\ + \F (X(s))\)ds < oo. (4.7) 
Jo 

By standard Markov process theory we have for their covariation processes 
under P x , 

(ffl,Pw)t= I (D<p k (X(s)),D<p k ,(X(s)))ds = t6 k , k , t t>0. (4.8) 
Jo 
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Indeed, an elementary calculation shows that for all k G N, t > 0, 

PffrY- f ' \D Vk (X(s))\ 2 ds 
Jo 

= MZ(t)-2 V > i (x)ffl)- [ mt)-(3 x k (s))L,MX(s))ds, (4.9) 



where all three summands on the right hand side are martingales. Since we 
have a similar formula for finite linear combinations of <p' k s replacing a single 
tfk, by polarization we get (14.81) . Note that by (14. 5 p and ( 14 .7ft all integrals in 
CT , (Oil are well defined. 

Hence, by (14.81) fc G N, are independent standard (^)-Brownian 
motions under F x . Now it follows by [13j Theorem 13] that, with W x = 
(W x (t)) t >o, being the cylindrical Wiener process on H given by W x = 
(/3fc e fc)fceN, we have for every t > 0, 

X(t)=e* A x+ f e {t - s)A F Q (X(s))ds+ f e {t - s)A dW x {s), P-a.s., (4.10) 

that is, the tuple (f2, (^t)t>o, Fx, W*, X) is a solution to 

( Y{t) = e tA Y{0) + J e it - s)A F {Y{s))ds + J e {t ~ s)A dW{s), P-a.s., Vt>0, 
^ law Y(0) = S x (:= Dirac measure in x), 

(4.11) 

in the sense of p3J page 4]. 

We note that the zero set in (14.101) is indeed independent of t, since all 
terms are continuous in t P^-a.s. because of (H2)(ii) and (14.71) . 

Claim We have X-pathwise uniqueness for equation (14.111) (in the sense of 
page 98]). 



For any given cylindrical (j^/)-Wiener process W on a stochastic basis 
(ft', («^)t>o, F) let Y = Y(t), Z = Z(t), t > 0, be two solutions of 
rfCTl) such that law(Z)=law(F)=law(X) and Y(0) = Z(0) P'-a.s.. Then by 

E' I \F (Y(s))\ds = K [ \F (Z(s))\ds = E X I \F (X(s))\ds < oo. 
Jo Jo Jo 

(4.12) 
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(which, in particular implies by (14.111) and by (H2)(i) that both Y and Z 
have P'-a.s. continuous sample paths). Hence applying [T_31 Theorem 13] 
again (but this time using the dual implication) we obtain for all k G N 

(e k ,Y(t) - Z(t)) = -X k [ (e k ,Y(s) - Z(s))ds 

Jo 

+ f (e k , F {Y{s)) - F (Z(s)))ds, t > 0, P'-a.s.. 
Jo 

Therefore, by the chain rule for all k G N 

(e k ,Y(t)-Z(t)) 2 = -2X k [ (e k ,Y(s)-Z(s)) 2 ds 

Jo 

+ 2 f\e kl Y(s)-Z(s)} (e k ,F (Y(s))-F (Z(s)))ds, t>0, P'-a.s.. 
Jo 

Dropping the first term on the right hand side and summing up over k £ N 
(which is justified by (14.111) and the continuity of Y and Z), we obtain from 
(H3) that 

\Y(t) - Z(t)\ 2 < 2 [ (Y(s) - Z(s), F (Y(s)) - F (Z(s)))ds 
Jo 

< 2uj [ \Y(s) - Z{s)\ 2 ds, t > 0, P'-a.s.. 
Jo 

Hence, by Gronwall's lemma Y = Z P'-a.s. and the Claim is proved. 

By the Claim we can apply [131 Theorem 10, (1) <^ (3)] and then [13], 
Theorem 1] to conclude that equation (14. 1 ip has a strong solution (see [TBI 
Definition 1]) and that there is one strong solution with the same law as X, 
which hence by ( 14 .TP has continuous sample paths a.s. Now all conditions 
in [131 Theorem 13.2] are fulfilled and, therefore, we deduce from it that on 
any stochastic basis (#t)t>0)P) with (J^)-cylindrical Wiener process 

W on H and for x,y G M there exist pathwise unique continuous strong 
solutions X(t,x), X(t,y), t > 0, to (I4TTTT) such that 

Polf-^ 1 =¥ x oX~ 1 

and 

PoX(-,y)- 1 = P,oX- 1 , 
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in particular, X(0, x) = x and X(0, y) — y and 

Fo X(t,x)-\dz) = Pt (x,dz), t>0, . . 

Fo X(t,y)- 1 (dz)= Pt (y,dz), t > 0. { ' 6> 

In particular, we have proved (i). To prove (ii), below for brevity we set 
X := X(-,x), X' := X(-,y). Then proceeding as in the proof of the Claim, 
by (11.131) and noting that s~ 1 $(s) — > oo as s — > oo, we obtain 

j t \X(t) - X'(t)\ 2 < a - %(\X(t) - X'(t)\ 2 ) (4.14) 

for some constant a > 0, only depending on u and $, where $o = \ 
Now we consider two cases. 

Case 1. \x-y\ 2 < ( ^ 1 (2a). 

Define /(£) := \X(t) — X'(t)| 2 , t > 0, and suppose there exists to £ (0, oo) 
such that 

/(to) > ^(a). 
Then we can choose 5 G [0,to] maximal such that 

f{t) > %\a), V t e (t - 6,t )- 

Hence, because by (14. 14j) / is decreasing on every interval where it is larger 
than $ ~ 1 (a), we obtain that 

f(t -5)>f(t )>^ l (a). 

Suppose t — 5 > 0. Then /(to — 5) < $o 1 ( a ) by the continuity of / and the 
maximality of 5. So, we must have to — $ = 0, hence 

/(to) < /(to - 5) = /(0) = |x - y| 2 < $o x (2a). 

So, 

\X(t) -X'(t)| 2 < $o 1 (2a), Vt>0. 
Case 2. |x - y| 2 > ^^a). 

Define t = inf{t > : \X(t) - X'(t)\ 2 < %\2a)}. Then by Case 1, 
starting at t = to rather than t = we know that 

\X[t) - X'[t)\ 2 <% l {2a), Vt>t . (4.15) 
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Furthermore, it follows from (14. 14p that 



d\X(t) - X'(t)\ 2 < ~* (\X(t) - X'(t)\ 2 )dt, wt<t . 



This implies 



1 r\x~vr rf r + 
*(|X(t)-X'(t)| 2 )>- / ^7T>7' V *<* 

2 J\x(t)-x'{tW ®o( r ) 4 



Therefore, 

\X{t) -X'{t)\ 2 < y-\t/4), Vt<t . (4.16) 
Combining Case 1, ( 14.15P and (14.161) we conclude that 

\X(t) -X'(t)\ 2 < *~ 1 (t/4) + $ 1 (2a), Vt>0. (4.17) 
Combining (14.171) with Theorem 11.61 for all / G Bf,(H) we obtain 

-xii + ^it/s))- 



(p t/2 \f\(X(t/2))) z < { Pt/2 f 2 (X'(t/2))exp 



'I _ e -^/2)2 



Vt > 



for some constant A > 0. By Jensen's inequality and approximation it follows 
that for all / G L 2 (H^) 



(p t \f\(x)) 2 <HPt/2\f\(X(t/2))) 



2 



< (^ 2 (y))exp[^|3^]' Vt>0, Va;,yGM. (4.18) 

But since H = supp /i, M is dense in H , hence by the continuity of p t f 
(cf. Corollary OD (H7TB1 holds for all x G H , y e M. Since /i(M) = 1 this 
completes the proof by integrating both sides with respect to fi(dy). □ 

Remark 4.2 We would like to mention that by using [2] instead of p2] we 
can drop the assumption that \F Q \ G L 2 (H,fi). So, by ( 14. 9ft and the proof 
above we can derive (14.81) avoiding to assume the usually energy condition 



t 

2 



F (X(s))\ 2 ds < oo, Pa.-a.s-. 



Details will be included in a forthcoming paper. We would like to thank 
Tobias Kuna at this point from whom we learnt identity ( 14.91) by private 
communication. 
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5 Existence of measures satisfying (H4) 

To prove existence of invariant measures we need to strengthen some of our 
assumptions. So, let us introduce the following conditions. 

(HI)' (A, D(A)) is self-adjoint satisfying fTO) . 
(H6) There exists 77 G (uj, 00) such that 

(F (x) - F (y),x - y) < -r)\x - y\ 2 , V x,y G D(F). 



Remark 5.1 (i) Clearly, (HI)' implies (HI) and (H5). (HI)' and (H2)(i) 
imply that (A, D(A)) and thus also (1+uj—A, D(A)) has a discrete spectrum. 
Let Aj G (0,oo), i G N, be the eigenvalues of the latter operator. Then by 
(H2) 

00 

$>r 1<0 °- (5.1) 

i=l 

(ii) If we assume (15.1 1) , i.e. that (1 + uj — A)~ l is trace class, then all what 
follows holds with (H2) replaced by (H2)(i). So, a" 1 G L(H) is not needed 
in this case. 

Let F a , a < 0, be as in Section 2. Then e.g. by [HI Theorem 3.2] equation 
(11.11) with F a replacing F has a unique mild solution X a (t,x), t > 0. Since 
there exist fj G (u, 00) and «o > such that each F a , a G (0,«o), satisfies 
(H6) with fj replacing rj, by [6j Section 3.4] X a has a unique invariant measure 
fi a on (H, 33(H)) such that for each m G N 

sup / \x\ m fi a (dx) < 00. (5.2) 

a£(0,a ) J H 

That these moments are indeed uniformly bounded in a, follows from the 
proof of [HI Proposition 3.18] and the fact that fj G (uj, 00). 

Let Nq denote the centered Gaussian measure on (H, S3(FL)) with covari- 
ance operator Q defined by 

poo 

Qx := / e tA ae tA xdt, x G H, 
Jo 

which by (H2)(ii) is trace class. 
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Let W l,2 (H, Nq) be defined as usual, that is as the completion of $a{H) 
with respect to the norm 

|M|um, 2 := Qf (y> 2 + \Dcp\ 2 )dN Q ^ 7 , (f G g A (H), 

where D denotes first Frechet derivative. By [9] we know that 

W 1 ' 2 (H,N Q )cL 2 (H,N Q ), compactly. (5.3) 

Theorem 5.2 Assume that (HI)', (H2), (H3) and (H6) hold and let fi a , a G 
(0, qq) be as above. Suppose that there exists a lower semi- continuous func- 
tion G : H — > [0, oo] such that 

{G < oo} C D(F), \F \ < G on D(F) and sup / G 2 dp a < oo. (5.4) 

ae(0,a ) JH 

Then {p a : a G (0,«o)} is tight and any limit point \x satisfies (H4) and 
hence by Corollary ! 1.81 all of these limit points coincide. Furthermore, for all 
m G N 

/ (\F (x)\ 2 + \x\ m )p(dx) < oo (5.5) 
Jh 

and there exists p : H — > [0, oo), 33(H) -measurable, such that p = pNg and 

Proof. We recall that by [31 Theorem 1.1] for each a G (0, ao) 

//„ = p^q; e W li2 (#, iVg) (5.6) 

and as is easily seen from its proof, that 

\Dyfe\ 2 dN Q < \ [ \F a \ 2 dp Q . (5.7) 
h 4 Jh 

But by (12.31) and f)5.4p the right hand side of (15. 7p is uniformly bounded in 
a. Hence by (15.31) there exists a zero sequence {«„} such that 

y/p^ -> yfp in L 2 (H, N Q ) as n — ► oo, 

for some yfp G W /1 ' 2 (if, ./Vq) and therefore, in particular, 

p an —> p in L l (H, N Q ) as n — >■ oo. (5.8) 
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Define /i := pNq and p n := p an , n G N. Since G is lower semi-continuous 
and p an — > /i as n — > oo weakly, (15. 2p and (15.41) imply 



/ (G 2 (x) + |z| ro )/x(dx) < oo V m G N. 



(5.9) 



Hence by ( 15 .4ft both (H4)(i) and (H4)(ii) follow. So, it remains to prove 
(H4)(iii). 

Since a is independent of a, to show (15.91) it is enough to prove that for 
all <p G C b (H), h G D(A) 



(5.10) 



1 ^°°Jh Jh 



where F% := (h,F a ), a G [0,a ). We have 

/ F^dp an - [ Ffodfi 
Jh Jh 

< IMU f \Fl-F^\ Pn dN Q 
Jh 

But by (E3D and (ED we have 



/ |F V| \p n -p\dN Q . (5.1i; 
Jh 



[ \Fl-F£\ Pn dN Q < [ 
Jh Ji\ 



\Fl - F h \p n dN Q 



{\G\<M} 



2 \ h \ f ^ 2J 

+ -rr sup / G dp c 

M aG(0,a ) Jh 



Hence first letting n — > oo then M — > oo by (12.2j) . (15 .41) and ( 15. 8ft Lebesgue's 
generalized dominated convergence theorem implies that the first term on the 
right hand side of (15.111) converges to 0. Furthermore, for every 5 G (0, 1) 



/ F^dp an - [ Ffodn 
Jh Jh 



< 



F h 



* 1 + <W 



V(pn - p)dN Q 



J^F h \ 2 dp an + JjF h \ 2 dp)j. (5.12) 



Since by (E3D and (E3D 



sup / \FQ\ 2 dp a < oo, 
ae(o,Q ) Jh 
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(H4)(iii) follows from (15.121) by letting first n — » oo and then 5 — > 0, since for 
fixed 5 > the first term in the right hand side converges to zero by (15.81) . 
□ 

Example 5.3 Let H = L 2 (0, 1), Ax = Ax, x G D(A) := H 2 (0, l)nH%(Q, 1). 
Let / : R — > R be decreasing such that for some C3 > 0, m G N, 

|/(s)|<C3(l + |sr), VsGR. (5.13) 

Let s,j G R, z G N, be the set of all arguments where / is not continuous and 
define 

[/( s i+)> if s = for some i G N, 

f(s), else 



Define 



F : D(F) C if -> 2 H , x^ fox, 



where 



D(F) = {x G H : f ox C H}. 

Then F is m-dissipative. Let F be defined as in Section 2. 

Since A < u for some < 0, it is easy to check that all conditions (HI)', 
(H2), (H3), (H6) with 77 = hold for any a G L(H) such that a~ l G L(H). 
Define 



G(x) 



1 \ 1/2 

|x(0| 2m ^ ifxGL 2m (0,l) 



4-00 if x i L 2m (0, 1). 

Then {G < 00} C D(F) and |F | = |F | L2(0) i) < G on D{F). Furthermore, 
by [3 (9.3)] 



sup / G dji a < 00. (5.14) 

ae(0,a o ) /ff 

Note that from [3 Hypothesis 9.5] only the first inequality, which clearly 
holds by (I5.13P in our case, was used to prove (9.3)]. Hence all assumptions 
of Theorem 15.21 above hold and we obtain the existence of the desired unique 
probability measure \x satisfying (H4) in this case. We emphasize that no 
continuity properties of / and F are required. In particular, then all results 
stated in Section 1 except for Corollary 1.10(ii) hold in this case. 

If moreover there exists an increasing positive convex function $ on [0, 00) 
satisfying (I1.12p such that 

(f(s) - f(t))(s -t)<c-<l>(\s- t\ 2 ), s,teR, 
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then by Jensen's inequality (fTTTBJ) holds. Hence, by Corollary II. lOl one obtains 
an explicit upper bound for \\p t \\L 2 (H,^)->-L ao (H,n)- A natural and simple choice 
of $ is $(s) = s m for m > 1. 

One can extend these results to the case, where (0, 1) above is replaced 
by a bounded open set in M. d , d = 2 or 3 for a = (—A) 7 , 7 G (^^, §), based 
on Remark II. lf iv). 

Before to conclude we want to present a condition in the general case 
(i.e for any Hilbert space if as above) that implies ( 15.41) . hence by Theorem 
15.21 ensures the existence of a probability measure satisfying (H4) so that all 
results of Section 1 apply also to this case. As will become clear from the 
arguments below, such condition is satisfied if the eigenvalues of A grow fast 
enough in comparison with \Fq\. To this end we first note that by ( 15. lh for 
i G N we can find qi G (0, Aj), qi | 00 such that YmLi < 00 an d f 1 — >■ 
as z — > 00. Define 6 : H — ^ [0, 00] by 

00 , 

9(a;) := V— (x, ei ) 2 , x G if, (5.15) 
i=i ^ 

where {ejjjgAr is an eigenbasis of (1+lj — A, D(A)) such that has eigenvalue 
Aj. Then has compact level sets and | ■ | 2 < 0. 

Below we set 

if n :=lin span {ei, ...,e n }, 7r n :=projection onto if n , 

A := A - (1 + u)I , D(i):=D(A), (5.16) 

Fo:=F + (l+a;)f. (5.17) 
We note that obviously H n C {0 < +00} for all n G N. 

Theorem 5.4 Assume that (HI)', (H2), (H3) and (H6) hold and let fj, a , a G 
(0, ao), &e as above. Suppose that {0 < +00} C D(F) and that for some 
C G (0, 00), m G N 

|*b(aOI <C(l + |xr + 1/2 (x)), VxGD(F). (5.18) 

T/ien 

sup / Qd[i a < 00 (5.19) 
and (15.41) holds, so Theorem \5.2\ applies. 
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Proof. Consider the Kolmogorov operator L a corresponding to X a (t, x), t > 
0, x G H, which for (p G J^C 2 ({e n }), i-e., <p = g((ei, ■), (ejv, •)) for some 
N eN, g e C%(R N ), is given by 

L a ^(x) := - Tr [a 2 D 2 ip(x)]+(x, AD<p(x)) + (F a (x), D<p{x)), x G H, (5.20) 

where D 2 denotes the second Frechet derivative. Then, an easy application 
of Ito's formula shows that the /x Q )-generator of (P") (given as before 

by Ptf(x) = E[f(X a (t,x))]) is given on J^~C 2 ({e n }) by L a . In particular, 

/ L a <pdfi a = 0, Vy? G &Cl{{e n }). 
Jh 

By a simple approximation argument and (j5.2p we get for a G (0, ao) and 

n 

ip n {x) := ^2 Si" 1 ^) e *) 2 ' a; e -H", n G N, 

that also 

L a ip n dfi a = 0. (5.21) 

But for all x G H, with F a defined as F in (15.171) . we have 

n A n 
L a Lf n (x) = -2 V" — (x,ej) 2 + 2Vgr 1 (F a ( a; ) ) e i )(i,e ! ) 
— % — 

i=l y * i=l 

n 

/ n \ V 2 / n \ 1/2 

< -29(7r„x) +2 ( ^gri(F Q (x),e 4 ) 2 j ( ^gr 1 ^,^) 5 



+ 1 kt»ei| 2 

i=l 

oo 

< -26(7r n x) + ci(l + |x| m+1 + 6 1/2 (x)|x|) + ||a|| 2 ^ qr\ (5.22) 



i=i 



for some constant c\ independent of n and a. Here we used (12.31) and (15.181) . 
Now (15.211) . (15.21) and (15.221) immediately imply that for some constant C\ 



sup / Q(x)/j la (dx) < sup ci 1 + / \x\ m+2 

a£(0,a ) ae(0,a o ) V JH 
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\ OO 

' i=l 



So, (15.191) is proved, which by (I5.18P implies f)5.4p and the proof is complete. 
□ 
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